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Mechanism design is the study of designing pro-
cedures for interaction of strategic agents such that 
the designer’s objective is achieved in an equilibrium. 
The main challenge in mechanism design is that stra-
tegic (i.e. utility maximizing) agents have private  
information not known to the designer. Multidimen-
sional mechanism design deals with mechanism design 
when strategic agents have multidimensional informa-
tion, i.e. private information consists of different com-
ponents. This article briefly surveys the literature on 
mechanism design where monetary transfers are allo-
wed and agents have multidimensional private infor-
mation. It identifies some of the fundamental results 
in the literature and some interesting open research 
issues. 
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Introduction 

IT is a well known fact that individuals tend to be strate-
gic in interactions with other individuals. Strategic inter-
actions are aimed at maximizing the utility of the 
individual. Game theory is the study of strategic inter-
actions between individuals (agents). 
 Mechanism design is the reverse engineering aspect of 
game theory. Given a strategic environment with agents, 
game theory tries to predict the outcome of such an envi-
ronment in some ‘equilibrium’ – stronger the notion of 
equilibrium better the prediction. On the other hand, 
mechanism design theory tries to design the environment 
in which strategic agents will interact. This designed  
environment specifies the actions that participating agents 
can take, and the outcome from each of these actions. 
Such a complete specification of the environment is 
termed a mechanism. The designer of a mechanism has 
particular objectives in mind, and the mechanism is  
designed such that when strategic agents interact in the 
mechanism, the equilibrium outcome coincides with the 
objective of the designer. 
 We give two examples to illustrate the idea further. 

1. Voting. Consider a scenario where a set of agents 
needs to choose a candidate from a set of candidates. 
Each agent has a preference (represented by a strict 
ordering) over the candidates. The designer wants to 
restrict attention to voting procedures where agents 
submit their preferences (need not be the true ones) 
and a candidate is selected – restricting attention to 
such voting procedures is without loss of generality, 
and follows from a seminal result in mechanism  
design called the revelation principle. Suppose the  
designer wants to design a mechanism (a voting pro-
cedure) which satisfies a mild condition called una-
nimity – if all the agents agree that a certain candidate 
is the best, then the mechanism must choose that can-
didate. Since this is a strategic environment, the  
designer wants to design a mechanism in which the 
‘equilibrium’ outcome must satisfy unanimity. Sup-
pose he imposes a strong notion of equilibrium – 
irrespective of the actions of other agents, each agent 
must submit his true preference. Such mechanisms are 
called strategy-proof mechanisms. 

 
  Which voting procedures should the designer choose? 
 
  Mechanism design theory answers such questions. A 

celebrated result in mechanism design, due to 
Gibbard1 and Satterthwaite2, asserts that the only 
strategy-proof voting procedure which satisfies the 
mild condition of unanimity is dictatorship if there are 
at least three candidates. Dictatorship voting pro-
cedure selects a dictator agent and always chooses his 
most preferred candidate. 

 
2. Auction. Consider a scenario where a single indivisi-

ble object, say a house, is sold by a seller to a set of 
potential buyers. Each buyer has a valuation for the 
object, which is only known to him. The sale of a 
house typically requires payments. We assume that if 
a buyer has a value v and pays an amount p after  
winning the object, then his net utility is v – p – this 
particular assumption on net utility is called the quasi-
linear utility assumption. 

   Now, there are many ways (mechanisms) to sell the 
object to the buyers. Of all the mechanisms available, 
let us restrict attention to those mechanisms in which 
each buyer reveals his value (may not be the true 
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value), and the seller decides who to allocate the ob-
ject and the amount of payment based on this informa-
tion – again, restricting attention to such mechanisms 
is without loss of generality due to the well-known 
revelation principle. We would like the agents to  
reveal their true value irrespective of what other 
agents are revealing – this particular notion of equili-
brium is called a dominant strategy equilibrium. Such 
mechanisms are called the incentive compatible 
mechanisms. One then asks: Is there an incentive 
compatible mechanism where the highest valued 
buyer gets the object? 

   In other words, can we design payments such that 
when we give the object to the highest valued buyer, 
the best strategy (in the sense of net utility maximiza-
tion) of every buyer will be to reveal his true value. In 
a seminal work, Vickrey3 showed that a second-price 
auction, where the highest valued buyer wins the  
object but pays an amount equal to the second highest 
value, achieves this objective. 

   We can ask another natural question: Of all the  
incentive compatible mechanisms, which mechanism 
maximizes the expected payments to the seller? 

   Note that since the seller is not aware of the values 
of the buyers, the question of maximizing payments at 
every possible value is asking for too much. If the 
seller knows the distribution of values of the bidders, 
then the question is to maximize the expected revenue 
from the mechanism. This is referred to as the optimal 
auction design. In his seminal work, Myerson4 deri-
ved the optimal auction for single object auction. 

 
The theory of mechanism design covers such topics and 
answers such questions. We will be mainly concerned 
with the auction type of topics involving monetary trans-
fers. These have tremendous practical applications: sale 
of spectrum waves using auctions and sale of advertise-
ment slots on search engines like Google and Yahoo!  
using auctions have become the success story of multi-
dimensional mechanism design. 

A model of multidimensional mechanism design 

In this survey, we will focus on a general model mecha-
nism design that covers the single object auction as a 
special case. In particular, we will consider a model with 
monetary transfers and quasi-linear utility function of 
agents – thus, we will exclude the voting type of models. 
Further, we will assume that each agent knows his own 
valuation information completely, and his valuation  
information is not known to other agents and to the 
mechanism designer. This is known as the private values 
model – it is plausible to think of settings where a buyer 
is not completely aware of his own value of the object, 
but we do not discuss such models in this survey. 

 Formally, let N := {1,..., n} be the set of agents in our 
model. There is a finite set of alternatives, denoted by 
A := {a, b, c,...}. In the sale of an indivisible object, the 
alternatives are the different possible outcomes, e.g. the 
object is not sold to anyone, the object is sold to agent 1, 
the object is sold to agent 2, etc. Each agent has a valua-
tion for each alternative. In particular, each agent i ∈ N 
has a valuation vector vi ∈ R|A|, which is completely 
known to him. Though each agent knows his own valua-
tion vector, he does not know the valuation vectors of 
other agents. Similarly, the mechanism designer does not 
know the valuation vector of any agent. 
 Though a particular valuation vector vi belongs to R|A|, 
not every vector in R|A| may be feasible. Consider the fol-
lowing examples. 
 
• Choosing a public project. Suppose a city needs to  

decide to build one of the three public projects: (a) a 
museum, (b) a stadium and (c) a school. It is plausible 
to assume that agents (residents of the city) have non-
negative value for such projects. Hence, a valuation 
vector of every agent will lie in R3

+. 
• Sale of an indivisible object. Suppose there are two 

buyers to buy a single indivisible object. Then, the set 
of alternatives can be denoted as a0 (nobody gets the 
object), a1 (agent 1 gets the object) and a2 (agent 2 
gets the object). It is standard to assume that an agent 
gets a value from an alternative only if he gets the  
object. In that case, the valuation vector of agent 1 
will have vi(a0) = vi(a2) = 0 and the valuation vector of 
agent 2 will have vi(a0) = vi(a1) = 0. Thus, one sees 
that the set of possible valuations of an agent is a 
strict subset of R3

+. 
 
These examples emphasize the fact that not every vector 
in R|A| may be a feasible valuation vector in all settings. 
Indeed, the example of sale of an indivisible object is a 
typical example of a one-dimensional mechanism design 
setting. In one-dimensional mechanism design problems, 
there is exactly one alternative in A whose valuation to 
the agent is not known to the mechanism designer – call 
such an alternative the private alternative. The valuation 
for all the alternatives except the private alternative is 
commonly known to all the agents and the designer. In 
the sale of an indivisible object example, the private  
alternative of agent i is the alternative where agent i gets 
the object. Consider another example. Suppose the designer 
is choosing between two alternatives: whether to provide 
a public good (say, a children’s park) or not. If the public 
good is not provided, then all the agents get zero valua-
tion, and if it is provided, then each agent gets a valuation 
which is privately known to him. Hence, the alternative 
that provides the public good is the private alternative for 
all the agents. This illustrates that our formulation cap-
tures settings with one-dimensional private information. 
In usual one-dimensional mechanism design problem, we 
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care about just one number from each agent, which is the 
private information of the agent. A multidimensional 
mechanism design problem cannot be handled by reveal-
ing just one number, and our formulation allows that. 
 We denote the set of possible valuation vectors of 
agent i as Vi ⊆ R|A|. A profile of valuation vectors will be 
denoted by v := (v1,..., vn). The set of all profiles of valua-
tion vectors will be denoted by V = V1 × ⋅⋅⋅ × Vn. The 
mechanism designer knows V1,..., Vn. We note here that 
since the private information of every agent is a vector in 
R|A|, we can incorporate ‘multidimensional’ private in-
formation. 
 An allocation rule is a mapping f : V → A. In particu-
lar, an allocation rule chooses an alternative at every profile 
of valuations. Notice that we do not allow for randomiza-
tion. More generally, an allocation rule can pick a prob-
ability distribution over elements in A at every profile of 
valuations. However, we restrict attention to determinis-
tic allocation rules. An alternative way to interpret an al-
location rule is as follows. Suppose we write a profile of 
valuations as a matrix, where the rows correspond to 
agents and columns correspond to alternatives. Then, a 
row vector is a valuation vector for the agent correspond-
ing to that row. Each profile of valuations in V corre-
sponds to one such matrix. An allocation rule chooses a 
column vector at every such matrix. One can think of 
many ways to choose a column vector of a matrix – a 
constant allocation rule chooses the same column at 
every profile of valuations, an efficient allocation rule 
chooses the column whose column sum of values is the 
highest, a weighted efficient allocation rule chooses the 
column whose weighted column sum of values is the 
highest, where weights are assigned to each agent (row). 
 A payment rule for agent i ∈ N is a mapping 
pi : V → R. We will interpret the payment as the amount 
each agent pays to the mechanism designer. Due to quasi-
linear utility function, if an alternative a ∈ A is chosen 
and agent i with valuation vector vi makes a payment of 
ti, then his net utility is vi(a) – ti. Note that the payment of 
an agent can be positive, negative or zero. Additional  
requirements can be imposed depending on the context. 
For instance, in many situations payments should add up 
to be non-negative as the mechanism designer has no 
money to pay the bidders. 

Implementation of allocation rules 

As discussed earlier, a mechanism designer has certain 
objectives in mind and wants to design a mechanism 
where the equilibrium strategies of the agents (who want 
to maximize their net utility) achieve this objective. We 
will now discuss the basic elements of a mechanism. A 
mechanism in general may be quite complicated. Ab-
stractly, a mechanism may involve arbitrary messages  
between the designer and the agents, where messages are 
restricted to lie in some abstract space. But eventually, 

the outcome of a mechanism is the selection of an alter-
native and a payment for each agent. 
 We restrict attention to a particular class of mecha-
nisms here, called the direct mechanisms. The only  
message that is allowed in a direct mechanism is the reve-
lation of the valuation vector (need not be the true one) by 
each agent. As a consequence a (direct) mechanism is a tu-
ple ( f, p), where p ≡ (p1,..., pn) are the payment rules for 
the agents and f is an allocation rule. We will now require 
a notion of equilibrium. The equilibrium we use is a very 
strong one – it requires that no matter what other agents 
reveal, the best strategy of each agent is to reveal his true 
valuation vector. This is the notion of a dominant strategy 
equilibrium. Fix an agent i ∈ N, and suppose other agents 
reveal valuation vectors v–i (this (–i) notation will be used 
to denote information of agents other than agent i). If 
agent i has true valuation vector vi, then his net utility for 
being truthful in a mechanism ( f, p) is vi( f (vi, v–i)) – 
pi(vi, v–i), whereas if he deviates to another revelation of 
v′i, his net utility becomes vi( f (v′i, v–i)) – pi(v′i, v–i). Our 
equilibrium requires that irrespective of the revelation of 
other agent v–i, truth telling must maximize net utility for 
agent i. 
 
Definition 1. An allocation rule f is implementable if 
there exists payment rules p1,..., pn such that for every 
agent i ∈ N, for every v–i ∈ V–i, and for every vi, v′i ∈ Vi, 
 
 vi( f (vi, v–i)) – pi(vi, v–i) ≥ vi( f (v′i), v–i) – pi(v′i, v–i). 
 
In this case, we say (p1,..., pn) implement f, and the 
mechanism ( f, p) is incentive compatible. 
 
There are weaker notions of equilibrium, like Bayes–
Nash and ex-post Nash, which we will skip here – see ref. 
5 for details. The focus on direct mechanisms is without 
loss of generality since the equilibrium outcome of any 
mechanism can be replicated by an incentive-compatible 
directed mechanism. This is known as the revelation 
principle – any standard textbook in microeconomics 
covers this6. 
 The central question of this survey is the following. 
What allocation rules are implementable? 

Efficiency is implementable 

One of the most celebrated allocation rules is the efficient 
allocation rule. 
 
Definition 2. An allocation rule f : V → A is an efficient 
allocation rule if at every v ∈ V, 
 

 ( ) arg max ( ).i
a A i N

f v v a
∈ ∈

∈ ∑  
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Efficiency maximizes the sum of valuations of agents 
over all alternatives. In the case of single-object auctions, 
it awards the object to the agent with the highest value. 
Vickrey3, Clarke7 and Groves8 showed that efficiency is 
implementable by a payment rule, now called the Groves 
payment rule. A payment rule pi of agent i ∈ N is a 
Groves payment rule for an efficient allocation rule f e if 
for every v ∈ V, 
 

 ( ) ( ) ( ( )),e
i i i j

j i
p v h v v f v−

≠
= −∑  

 
where hi : V–i → R is an arbitrary function. 
 
Theorem 1. (Vickrey3, Clarke7 and Groves8). The Groves 
payment rules implement an efficient allocation rule. 
 
The proof is straightforward and boils down to checking 
that the incentive constraints for implementability hold. 
There are many choices for the hi function in the defini-
tion of Groves payment rule. One particular choice has 
many interesting properties in specific contexts. For 
every i ∈ N and v–i ∈ V–i, let hi(v–i) = maxa∈A ∑j≠i  vj(a). 
Such a choice of hi defines the pivotal payment rule, and 
the corresponding mechanism is called the Vickrey–
Clarke–Groves (VCG) mechanism. A particular instance 
of the VCG mechanism is the second-price auction or the 
Vickrey auction in the case of single-object auction. VCG 
mechanisms have excellent theoretical properties in the 
case of combinatorial auctions9. 

A result in unrestricted domain of valuations 

There are allocation rules other than efficient allocation 
rules which can be implemented. For instance, consider 
the following class of allocation rules which generalize 
the efficient allocation rule. 
 
Definition 3. An allocation rule f is an affine maximizer 
allocation rule if there exists non-negative weights 
λ1,..., λn, not all equal to zero, and a mapping κ : A → R 
such that at every v ∈ V, 
 

 ( ) arg max ( ) ( ) .i ia A i N
f v v a aλ κ

∈ ∈

⎡ ⎤
∈ +⎢ ⎥

⎣ ⎦
∑  

 
Such an affine maximizer allocation rule is unresponsive 
to irrelevant agents (UIA) if for every i ∈ N such that λi = 0 
and for every (vi, v–i), (v′i, v–i) ∈ V, we have f (vi, v–i) = 
f (v′i, v–i). 
 
The UIA condition requires that the allocation should not 
change if an agent whose weight is zero changes his 
valuation vector. A payment rule pi of agent i ∈ N is a 

generalized Groves payment rule for an affine maximizer 
allocation rule f a satisfying UIA if for every v ∈ V, 
pi(v) = 0 if λi = 0 and  
 

 1( ) ( ) ( ( )) ( ( )) ,a a
i i i j j

i j i
p v h v v f v f vλ κ

λ−
≠

⎡ ⎤
= − +⎢ ⎥

⎢ ⎥⎣ ⎦
∑  

 
if λi > 0, where hi : V–i → R is an arbitrary function. 
 
Theorem 2. (Roberts10). Every affine maximizer satisfy-
ing UIA can be implemented by the generalized Groves 
payment rules. 
 
Remarkably, under some restrictions, every implement-
able allocation rule is an affine maximizer. We say an  
allocation rule f is onto if for every a ∈ A, there exists a 
v ∈ V such that f (v) = a. Roberts10 proved the following 
remarkable result. 
 
Theorem 3. (Roberts10). Suppose Vi = R|A| for every 
i ∈ N and |A| ≥ 3. If f is an implementable and onto allo-
cation rule, then it is an affine maximizer allocation rule. 
 
If an allocation rule is implementable in a domain, then 
its restriction to a smaller domain is also implementable 
in that domain – it is a good exercise to prove this result 
formally. So, in smaller domains affine maximizers (sat-
isfying UIA) are implementable, but there may be non-
affine maximizers that can be implemented also. Roberts’ 
theorem breaks down if some of the assumptions made in 
its statement are weakened. For instance, if there are two 
alternatives then there are more allocation rules than  
affine maximizers that can be implemented. If Vi is a 
strict subset of R|A|, which is the case in many practical 
settings like combinatorial auctions, public project selec-
tion, etc. then many allocation rules can be implemented 
besides the affine maximizer allocation rules. An open 
question is to find the counterpart of Roberts’ theorem in 
some of these restricted domains of valuation. One of the 
problems about extending Roberts’ theorem to other set-
tings is that its proof is extremely involved. Researchers 
have tried to simplify Roberts’ original proof 5,11–13. Some 
progress has been done to extend Roberts’ theorem to  
restricted domains13,14. Mishra and Sen13 show that if Vi is 
an open multidimensional interval for every i ∈ N, then if 
f is implementable and satisfies neutrality, it is an affine 
maximizer with κ(a) = 0 for all a ∈ A. Neutrality roughly 
requires that if we consider two valuation profiles v, v′ 
such that v′ is obtained by permuting the columns of two 
alternatives at v, then the outcomes chosen at v′ must be 
obtained by applying the same permutation to the out-
come chosen at v. It says that the allocation rule should 
not discriminate between alternatives based on their 
names. Carbajal et al.14 show that Roberts’ theorem holds 
in a technical domain. Besides these two papers, there is 
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little known about extending Roberts’ theorem to res-
tricted domains of valuations. 

Implicit monotonicity characterizations 

Roberts’ theorem is very precise in describing the set of 
implementable allocation rules. However, such explicit 
characterization is difficult in restricted domains of 
valuation. For this reason, researchers have turned their 
attention to implicit characterizations of implementabi-
lity. The results in the literature are stated in a one-agent 
model. In particular, we fix an agent i ∈ N and the profile 
of valuations of other agents at v–i, and look at the image 
of an allocation rule f as agent i changes his valuation 
over Vi. We denote this image of f as F : Vi → A and  
assume that a payment rule Pi : Vi → R, which depends 
only on the valuation vector of agent i (of course, putting 
together such Pis for all v–i will give us a payment rule 
pi : V → R). This saves us a lot of notations. 
 As before, an allocation rule F : Vi → A is implement-
able if there exists a payment rule Pi such that vi(F(vi)) – 
Pi(vi) ≥ vi(F(v′i)) – Pi(v′i) for all vi, v′i ∈ Vi. Now, we will 
like to identify simple conditions on F which are neces-
sary and sufficient for it to be implementable. Consider 
the following necessary condition. 
 
Definition 4. An allocation rule F is K-cycle monotone, 
where K ≥ 2 is a positive integer, if for every finite se-
quence of valuation vectors (v1

i , v2
i ,..., vk

i) with k ≤ K, we 
have 
 

 1

1
[ ( ( )) ( ( ))] 0,

k
j j j j

i i i i
j

v F v v f v −

=
− ≥∑  (1) 

 
where v0

i  ≡ vk
i. An allocation rule F is cyclically monotone if 

it is K-cycle monotone for all positive integers K ≥ 2. 
 
Note that if an allocation rule f is (K + 1)-cycle mono-
tone, then it is also K-cycle monotone. The necessity of 
cycle monotonicity can be shown by adding the incentive 
constraints associated with any sequence of valuation 
vectors – payment terms cancel out. In a seminal work, 
Rochet15 showed the following. 
 
Theorem 4. (Rochet15). An allocation rule is imple-
mentable if and only if it is cyclically monotone. 
 
This result is related to the characterization of subgradi-
ents of a convex function due to Rockafellar16 – the allo-
cation rule serves as a subgradient of the convex net 
utility function of agent i. The explicit graph theoretic  
interpretation is due to Gui et al.17, where they associate a 
graph with every domain of valuation vectors Vi, every 
set of alternatives A, and every allocation rule F : Vi → A. 

This type graph contains the set of valuation vectors as 
the set of nodes, and is a complete graph (i.e. a directed 
edge exists from every node to every other node). The 
length of the edge from node vi to v′i is 
 
 ℓ(vi, v′i) := vi(F(vi)) − vi(F(v′i)). 
 
Then, it is easy to notice that inequality (1) is requiring 
the length of the cycle (v1

i ,..., vk
i, v1

i) to be non-negative. 
 Rochet’s characterization holds for various extensions 
of our model – for instance, with allocation rules which 
randomize, when the set of alternatives is not finite, etc. 
(see refs 5, 18–20). Though mathematically elegant, this 
characterization of implementability involves verifying 
the length of cycles involving arbitrary number of nodes. 
When the set of alternatives is finite, as is assumed here, 
one only needs to verify cycles involving no more than 
|A| nodes. The following result is a due to Mishra and 
Roy21. 
 
Theorem 5. (Mishra and Roy21). An allocation rule f is 
implementable if and only if it is |A|-cycle monotone. 
 
Even with this result, the cycle monotonicity characteri-
zation looks opaque. In a series of papers, starting from 
Bikhchandani et al.22, followed by Saks and Yu23 and 
Ashlagi et al.24, researchers have shown that if the clo-
sure of a domain of valuation vectors is convex, then 
two-cycle monotonicity is sufficient for implementation. 
Since two-cycle monotonicity is an easy condition to  
interpret, the relation of implementability and cycle 
monotonicity is clearer in such convex domains. 
 
Theorem 6. (Bikhchandani et al.22, Saks and Yu23 and 
Ashlagi et al.24). Suppose closure of Vi ` R|A| is convex. 
Then, F : Vi → A is implementable if and only if it is two-
cycle monotone. 
 
Two-cycle monotonicity reduces to a simple condition in 
the case of single-object auction (a convex domain). It 
says that if an agent is winning the object at a valuation, 
then he should continue to get the object at a larger valua-
tion. This monotonicity condition was first discovered to 
be equivalent to implementability in the single-object 
auction setting by Myerson4. Two-cycle monotonicity 
generalizes this condition to arbitrary convex domains of 
valuation. 
 While many interesting domains in the literature are 
convex, many are not. One of the open questions in the 
literature is to find counterparts of the above theorem in 
non-convex domains. A recent result in Mishra and Roy21 
finds such an extension. They study dichotomous do-
mains. In dichotomous domains, an agent has two pieces 
of private information: (1) a set of alternatives he finds 
permissible, and (2) a valuation in R++ for the permissible 
alternatives. Note that for non-permissible alternatives, 



SPECIAL SECTION: GAME THEORY 
 

CURRENT SCIENCE, VOL. 103, NO. 9, 10 NOVEMBER 2012 1048 

the valuation is always zero. Such dichotomous domains 
are non-convex, and the earlier result does not apply. 
However, for a large class of dichotomous domains, 
termed rich dichotomous domains, Mishra and Roy21 
showed that three-cycle monotonicity is necessary and 
sufficient for implementation. 
 There are many interesting domains which are non-
convex. For instance, consider the single-peaked domain 
studied extensively in voting theory25. In single-peaked 
domain, there is a pre-specified ordering over the set of 
alternatives, and the valuations of agents must respect 
this ordering in the sense that as we go away from the top 
alternative of the agent, the values must decrease. It is 
easy to show that this is a non-convex domain. It is an 
open question to characterize implementability using  
K-cycle monotonicity in such domains. 
 There are other notions of implicit characterizations 
studied in the literature. For instance, Carroll26 showed 
that a particular form of local incentive compatibility 
condition is necessary and sufficient for implementability 
in convex domains of valuation. 

Revenue equivalence 

We will stay in the single agent framework of the last 
section. As we saw, the incentive compatibility con-
straints have a graph theoretic interpretation – we saw 
that cycle monotonicity is equivalent to requiring no 
negative cycles in the associated type graph. We can  
define shortest path lengths between any pair of valuation 
vectors in the type graph. For any vi, v′i ∈ Vi, let dist(vi,  
v′i) be the length of the shortest path from vi to v′i, where a 
path is any sequence of distinct edges connecting vi to v′i 
and the length of a path is the sum of lengths of edges in 
the path. Gui et al.17 showed that if F is implementable, 
then the following payment rule implements F. Fix a 
vi ∈ Vi and let Pi(vi) = 0 and for every v′i ∈ Vi and v′i ≠ vi, 
let Pi(v′i) = dist(vi, v′i). It is easily verified that if Pi is a 
payment rule that implements F, and if we let for all  
v′i ∈ Vi, P′i(v′i) = Pi(v′i) + α for some α ∈ R, then P′i also 
implements F. A well-known result in multidimensional 
mechanism design states that by choosing appropriate α, 
we can generate all payment rules that implement F. This 
is known as the revenue equivalence result. 
 
Definition 5. An implementable allocation rule F satis-
fies revenue equivalence if for every pair of payment 
rules Pi, P′i that implement F, there is some α ∈ R such 
that for all v′i ∈ Vi we have 
 
 P′i(v′i) = Pi(vi) + α. 
 
Revenue equivalence is an extremely powerful property 
since it characterizes the payments that implement an  
allocation rule. It was first discovered by Myerson4 in the 

single-object auction setting. Later extensions in the multi-
dimensional settings were found in literature27–30. 
 
Theorem 7. (Heydenreich et al.30) An allocation rule 
F : Vi → A satisfies revenue equivalence if and only if for 
every vi, v′i ∈ Vi, dist(vi, v′i) + dist(v′i, vi) = 0. 
 
This theorem, like Rochet’s theorem, holds in settings 
with infinite number of alternatives and randomization 
over alternatives. It does not require any restriction on Vi. 
But one can use this theorem to identify domains where 
every implementable allocation rule satisfies revenue 
equivalence. 
 
Theorem 8. (Chung and Olszewski29 and Heydenreich 
et al.30). Suppose Vi is connected. Then, every implement-
able allocation rule F : Vi → A satisfies revenue equiva-
lence. 
 
In the n-agent environment, where f : V → A and payment 
rule pi : V → R takes the general form, the revenue 
equivalence property will look slightly different. It will 
say that an allocation rule f satisfies revenue equivalence 
if for every i ∈ N and every v–i ∈ V–i, for every pi, p′i that 
implement f, we have p′i(v′i) = pi(v′i) + hi(v–i) for all  
v′i ∈ Vi, where hi: V–i → R is an arbitrary function. 
 Revenue equivalence allows one to write an explicit 
formula for payments of an implementable allocation 
rule, and as a result, several optimization problems invol-
ving payments of agents become an easy exercise – for 
instance optimal auctions in Myerson4 and other pro-
blems in Nisan et al.31. 

Other extensions 

So far we have focused attention on two types of results 
in multidimensional mechanism design: (a) explicit char-
acterizations like Roberts’ theorem and (b) implicit char-
acterizations involving cycle monotonicity. We now 
discuss some extensions and open questions of these  
results. 
 
1. Randomization. The allocation rules we considered so 

far are deterministic, i.e. they choose an alternative 
with probability one. If we allow for randomization, 
then a randomized allocation rule will choose a pro-
bability distribution over the alternatives at every pro-
file of valuation vectors. It is known that Roberts’ 
theorem and the two-cycle monotonicity characteriza-
tions do not extend when the allocation rule random-
izes. Berger et al.20, Carbajal and Ely32, Rahman18, 
Archer and Kleinberg33 and Jehiel et al.34 consider 
randomization and extend these results. Their results 
show the difficulty encountered with randomization. 
However, randomization is not a big problem for  
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extending the revenue equivalence result. Krishna and 
Maenner28 and Vohra5 showed that if the domain of 
possible valuation vectors is convex for every agent, 
then revenue equivalence holds even with randomiza-
tion. 

2. Bayes–Nash implementation. The dominant strategy 
incentive compatibility is a strict notion of equili-
brium. One possibility is to relax it to require Bayes–
Nash equilibrium. Bayes–Nash equilibrium will  
require that given other agents are revealing valua-
tions truthfully, an agent maximizes his expected net 
utility by revealing his true valuation. Notice that the 
expectation requires prior information about valua-
tions of agents. Relaxing the notion of equilibrium 
enlarges the set of implementable allocation rules. An 
extension of Roberts’ theorem with Bayes–Nash equi-
librium remains an open question. Muller et al.35 
showed that under a technical condition, an allocation 
rule is Bayes–Nash implementable if and only if it is 
two-cycle monotone. The analogue of revenue equiva-
lence result continues to hold with Bayes–Nash imple-
mentation30. 

3. Interdependence. The model we consider is a private 
values model, where each agent is perfectly informed 
about his own valuation. However, in many situations, 
an agent may not be know his own valuation per-
fectly. This situation is modelled using interdependent 
valuation framework. Each agent receives a private 
signal, and the valuation(s) of an agent depends on the 
signals of all the agents. Even in the single-object 
auction framework, the second price auction is no 
longer incentive-compatible. With appropriate restric-
tions on how the valuation of an agent depends on the 
signals of other agents, efficiency can be implemented 
by a Groves-like payment rule36. With multidimen-
sional signals, Jehiel et al.37 showed that it is generi-
cally impossible to implement anything except 
constant allocation rules in sufficiently rich domains – 
see Bikhchandani38 for more on this. 

4. Optimal auction design. One of the primary applica-
tions of the results we discussed in this survey is find-
ing an expected revenue maximizing (optimal) 
mechanism in various multidimensional settings.  
Indeed, Myerson4 used these results to derive the opti-
mal mechanism for the single-object auction case. An 
open question remains to derive the optimal auction 
for selling multiple objects – a multidimensional set-
ting. There has been limited progress to this question 
in some multidimensional settings – see Vohra5 for a 
survey. Some recent advances to this question can be 
found in Pai and Vohra39,40. 

5. Computational constraints. A growing literature in 
computer science is interested in multidimensional 
mechanism design31. One primary reason for this is 
that most mechanisms discussed in the mechanism de-
sign literature (e.g. the VCG mechanism) are compu-

tationally intractable in many settings. For instance, 
computing the VCG payments in the combinatorial 
auctions problem (selling multiple objects) belongs to 
the hardest computational class. The literature tries to 
find incentive compatible mechanisms which are 
computationally tractable, and yet have approximately 
good desirable properties. For instance, though the 
VCG mechanism is computationally hard in the com-
binatorial auctions problem, Dobzinski and Nisan41 
derived a non-affine maximizer allocation rule which 
is computationally easy. They showed that it approxi-
mates efficiency well in some settings. 
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